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Uniform Manifold Sampling (UMS): Sampling the
Maximum Entropy PDF
Dr. Paul M. Baggenstoss [1]

Abstract—Maximum entropy PDF projection (MEPP) is a way
to construct generative models from feature transformations.
Corresponding to each dimension-reducing feature mapping,
such as a feed-forward neural network or an algorithm to
calculate linear-prediction coefficients from time-series, and given
a prior distribution for the features, MEPP finds a unique
generative model for the input data, which subject to mild requirements, is maximum entropy (MaxEnt) among all probability
density functions (PDFs) that are consistent with the given feature
prior. In this paper, we consider the problem of sampling from
these MaxEnt projected PDFs. The sampling process consists of
drawing a sample from the given feature prior distribution, then
drawing samples uniformly distributed on the inversion set (set of
input samples consistent with the drawn feature value, usually
a manifold). The process is called uniform manifold sampling
(UMS). We describe UMS for simple non-linear and iterative
feature transformations, then focus on linear transformations
with input data constraints (xi > 0 or 0 ≤ xi ≤ 1), which
require MCMC-based sampling. We discover that the manifold
centroid (sample mean for a fixed feature value) is useful as a
deterministic MaxEnt feature inversion solution. We show how to
predict the centroid efficiently without sampling and demonstrate
its usefulness in speeding up MCMC by an order of magnitude,
and in spectral estimation and image reconstruction. Finally, we
provide an example of UMS in a classification experiment in
which we use Monte Carlo integration to create true generative
models from arbitrary classifiers.

I. I NTRODUCTION
A. Background
Due to their direct solution of the underlying inference
problem, discriminative methods have dominated classification
methods for many years [1]. Despite this, generative methods
have advantages - they can generalize better to un-forseen
changes in data make-up, are modular (by class), can make
use of unlabeled data, and can be easily interrogated - to see
what they have learned about a given class. In fact, generative
methods are now seeing a re-birth, for example, in a form of
Bayesian belief network called deep belief network (DBN) [2].
These new generative models rival or exceed the performance
of discriminative models [2].
B. PDF Projection
The method of PDF projection [3], and more recently
maximum entropy (MaxEnt) PDF projection [4], can be seen
as belonging to this re-birth of generative methods. But,
PDF projection is distinct because it is an implied generative
model with non-explicit sampling. It is also completely general
and has no favored structure. All that is required for PDF
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projection is a known feature mapping z = T (x), where T
is some fixed dimension-reducing transformation satisfying
mild regularity conditions. For example, T could be a feedforward neural network. The feature transformation and the
implied generative model are duals. A special case of this
duality relationship can be seen in the inference filters that
are used to estimate the hidden variables in a Bayesian
belief network [2]. MaxEnt PDF projection formalizes this
duality relationship using the maximum entropy principle.
But, because MEPP constructs an implied generative model,
sampling is not explicit.
C. Why Sample?
A generative model is a mathematical description of the
data generation process. Mostly, however, generative models
are used for inference - to test the likelihood that a given input
data sample was generated by the model. There are, however,
compelling reasons to sample:
1) Qualitative validation of the distribution p(x), by observing the quality and suitability of the generated
samples [2].
2) Monte Carlo integration (MCI). Consider an arbitrary
function h(x) with support X . Let pp (x) be a known
proposal distribution, having the same support X , from
which samples may be drawn. We approximate the
integral of h(x) over X by
C=

Z

x∈X

h(x)dx ≃

K
1 X h(xi )
,
K i=1 pp (xi )

(1)

where the samples xi are drawn from pp (x). In order
to promote efficient MCI, h(x) and pp (x) must be
compatible - so that pp (x) “covers” h(x) well or that
high-likelihood regions of h(x) cannot lie in extremely
low-likelihood regions of pp (x). We provide an example
in Section VI.
3) Non-linear
mixtures
of generative models. Let h(x) =

P
1/α α
w
p
(x)
.
The
parameter α is related to the
i i i
“temperature” parameter of the “softmax” function that
is widely used in machine learning and tends to control
the “hardness” (or
P“softness”) of mixing. The linear
mixture pp (x) = i wi pi (x) is a compatible proposal
distribution. Let C be the integral of h(x) obtained by
MCI. Then, h(x)/C is a valid generative model that
can be sampled (using rejection sampling [5]) and used
to estimate factor α by maximum likelihood (ML). We
provide an example in Section VI.

2

4) Hybrid generative/discriminative models. Let ym (x) be
a discriminative classifier output that approximates the
posterior class probability ym (x) ≃ p(Hm |x). Now,
given an arbitrary generative model p(x|Hm ), we form
the product
hm (x) = p(x|Hm ) e(ym (x)−1)/a .

(2)

Parameter a controls the relative effect of ym (x). The
PDF p(x|Hm ) is a compatible proposal distribution for
MCI. Let Cm be the integral of hm (x) obtained by MCI.
Then, hm (x)/Cm is a valid generative model that can
be sampled and used to estimate a by ML. We provide
an example in Section VI.
5) When p(x) is a projected PDF, sampling can be used to
better understand feature inversion methods, as we will
explain below when we discuss the manifold centroid.
D. Paper outline and Main Contributions
In section II, we lay the theoretical foundation for the paper
by presenting the main theorems underlying PDF projection,
MEPP and UMS. In Section III, we describe UMS for some
simple feature transformations and for an iterative (maximum
likelihood) estimator. In Section IV, we discuss UMS for
linear transformation when xi > 0, which requires MCMC
sampling. We develop a deterministic way to estimate the
manifold centroid, which is then used to speed up MCMC
and serves as a feature inversion method corresponding to
classical MaxEnt methods. In Section V, we consider when
0 ≤ xi ≤ 1 , adapting the MCMC approach, and show that the
manifold centroid corresponds to a new entropy measure based
on the truncated exponential distribution. We demonstrate it
in reconstructing images. Finally, in Section VI, we provide
a classification problem illustrating the sampling motivations
spelled out above.
II. M ATHEMATICAL RESULTS
A. PDF Projection
Let there be a feature transformation or mapping
T : X → Z,

X ⊂ RN ,

Z ⊂ RD ,

D < N.

(3)

We write this simply as z = T (x). We assume that T is
“onto” so that all members of Z are mapped from at least
one member of X . There are some mild regularity conditions
assumed for T which are mentioned when discussing Theorem
1. Given some specified feature PDF g(z) on Z , there exists
a set of PDFs on X , denoted by {P : T, g} G(x), that are
consistent with g(z), meaning that if G ∈ {P : T, g}, then
samples drawn from G and passed through T will have exactly
distribution g. PDF projection [3] is a means of constructing
a member of {P : T, g} based on a reference hypothesis H0 .
The constructed PDF is called the projected PDF.
Theorem 1: (PDF Projection theorem), see [6], [4]. Consider the feature mapping (3). Let g(z) be an arbitrary feature
PDF with support Z. Let p(x|H0 ) be a reference distribution
with support X . Let p(z|H0 ; T ), the distribution imposed on Z

when z = T (x) and x ∼ p(x|H0 ). Let p(z|H0 ; T ) be non-zero
and have finite value everywhere on Z. Then, the function
p(x|H0 )
g(z), z = T (x)
(4)
G(x; H0 , T, g) =
p(z|H0 ; T )
is a PDF (integrates to 1 over X ), and is a member of {P :
T, g} .
For a proof, see [6] or [4], Theorem 2. Note that H0 is
a mathematical concept, and does not need to represent any
type of “noise-only” condition or realistic data or such. To see
how assuming that p(z|H0 ; T ) exists and has finite value on
Z imposes certain conditions on T (x), we write
Z
p(z|H0 ; T ) =
p(x|H0 ) dx,
(5)
x∈M(z;T )

where the integral is carried out on the level set
M(z; T ) = {x : T (x) = z, x ∈ X }.

(6)

The existence of (5) implies that p(x|H0 ) is (Lebesgue)
integrable on any level set M(z; T ), an implied regularity
condition for T . In the following, we refer to M(z; T ) as
“manifold”, which implies that the level set is locally euclidean
[7], which further implies T is smooth. Level sets of smooth
functions (conventional level sets [8]) are manifolds [7]. The
requirements for the existence of integral (5) do not require
manifolds, but the level sets we encounter in this paper all
produce at least closed subsets of manifolds.
The generality of (4) is strengthened by the following
theorem.
Theorem 2: (Completeness of PDF Projection). Any member of {P : T, g} can be constructed using (4).
This theorem is credited to Steven Kay [9]. Proof: See [4]
Section II.A and Theorem 1. The importance of the theorem is
that we can seek the maximum entropy member of {P : T, g}
just by choosing H0 .
The following corrolary describes how to draw samples
from G(x; H0 , T, g).
Corrolary 1: (Sampling from projected PDF). To draw
samples from G(x; H0 , T, g), we first draw a sample z∗ from
g(z), then draw a sample x from the manifold M(z∗ ; T )
with a probability distribution on the manifold proportional
to p(x|H0 ).
The above corrolary follows as a result of showing the
completeness property (See [4] Section II.A and Theorem 1).
We call the second part of the sampling process described
in Corrolary 1 manifold sampling. It consists of drawing a
sample x on the manifold with distribution proportional to
p(x|H0 ). We may view this “manifold distribution”, a function
that integrates to 1 on the manifold, as
µ(x|z∗ ; T, H0 ) = R

p(x|H0 ) δ(z∗ , T (x))
,
p(x|H0 ) dx
x∈M(z∗ ;T )

(7)

where δ(z∗ , T (x)) = 1 if z∗ = T (x) and zero otherwise. By
its definition, µ(x|z∗ ; T, H0 ) integrates to 1 on the manifold
and can be interpreted as a posterior p(x|z), which makes
clear the role of p(x|H0 ) : it shapes the manifold distribution.
But, because z = T (x) is a deterministic mapping, p(x|z) is
not a proper distribution - all of its probability mass lies on a
manifold of zero volume.
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B. Why Maximum Entropy?
The principle of maximum entropy is a well established
criterion for PDF design [10]. We now explain why we should
optimize (4) to maximize the entropy over H0 - and thereby
take into consideration not only our knowledge about the data,
but also our ignorance.
Often, the only “knowledge” we have about a PDF is
through observations of some data. Consider a set of K
training samples x1 , x2 , . . . , xK and a number of proposed
PDFs computed using (4) for various feature transformations Tl (x), denoted by Gl (x). If we select the PDF based
on P
maximizing the average projected log-likelihood Ll =
K
1
n=1 log Gl (xn ), the result will be misleading because
K
it only takes into account our knowledge (data), but not
our ignorance.
We measure our ignorance using the entropy
R
Ql = − x {log Gl (x)} Gl (x)dx, which is the negative of the
theoretical value of Ll . If the probability mass is spread over
a wider area, the average value of log p(x) is lower, so Ql is
higher. The two concepts of Q and L are illustrated in Figure

G 2(x)
G 1(x)
G 3(x)
x

Fig. 1. Comparison of entropy Q and average log-likelihood L for three
distributions. The vertical lines are the locations of training samples.

1 in which we show three competing distributions: G1 (x),
G2 (x), and G3 (x). The vertical lines represent the location of
the K training samples. If Ll is the average value of log Gl (x)
at the training sample locations, then clearly L1 ≪ L3 ≪ L2 .
But choosing G2 (x) is very risky because it is over-adapted
to the training samples and has lower entropy since most
of the probability mass is at places with higher likelihood.
Therefore, it has achieved higher L at the cost of lower Q,
a suspicious situation. On the other hand, Q1 = Q3 , but
L3 > L1 . Therefore, G3 (x) has achieved higher L than G1 (x)
without suffering lower Q, so choosing G3 (x) over G1 (x)
is not risky. We therefore propose that when we compare
projected likelihood functions based on different features, we
should select the projected PDF with highest entropy for the
given feature transformation T . In the context of equation (4),
that means the choice of H0 should be the one that results in
highest entropy.

C. MaxEnt PDF Projection
Maximum entropy PDF projection [4] is a means of finding
the unique member of {P : T, g} with highest entropy, more
precisely: to find the H0 that produces G(x; H0 , T, g) with
highest entropy. The entropy of G(x; H0 , T, g) is given by
Z
QG = − log G(x; H0 , T, g) G(x; H0 , T, g) dx.
x

It can be shown (See [4], equation 8) that this can be expanded
as follows:
Z
(8)
QG = Qg + Qµ|z;H0 g(z) dz
z

R
where the entropy of g is Qg = − z log g(z) g(z) dz, and
the manifold entropy is
Z
Qµ|z;H0 = −
log µ(x|z; T, H0 ) µ(x|z; T, H0 )dx,
x∈M(z;T )

(9)
where µ(x|z; T, H0 ) comes from (7). Since Qg is fixed, to absolutely maximize Qµ|z;H0 (i.e. for each g(z)), Qµ|z;H0 must
be maximized for each z. This is achieved if µ(x|z; T, H0 )
is the uniform distribution, which is the MaxEnt distribution
on regions of compact support. But, in (7), µ(x|z; T, H0 ) is
shaped by p(x|H0 ). Therefore, we have two requirements, (a)
p(x|H0 ) must be of constant value on any manifold, and (b)
all manifolds M(z; T ) must be compact. There are two ways
to achieve these requirements depending on X .
When X is itself a compact set, we can make p(x|H0 ) the
uniform distribution. Then, so long as M(z; T ) is compact for
all z 1 , then µ(x|z; T, H0 ) will be a proper uniform distribution
for all z, which has maximum entropy. Alternatively, when X
is infinite in extent, the manifold can be forced to be compact
by the inclusion of an energy statistic in z (first proposed
in [4]). The solution for compact X and the solution for
unbounded X are formalized by the following two theorems.
Theorem 3: Maximum Entropy PDF Projection - Compact X . Starting with the same assumptions as RTheorem 1,
we further assume that X is a compact set and x∈X dx =
a < ∞. Furthermore, we assume that M(z; T ) is a compact
set for all z ∈ Z. Then, the PDF
G∗ (x; T, g) =

a−1
g(z),
p(z|H0 ; T )

(10)

where p(z|H0 ; T ) is the distribution of z under the uniform
assumption p(x|H0 ) = a−1 , is the member of {P : T, g} with
highest entropy.
Proof. By Theorem 2, we can seek the maximum entropy PDF
within the context of PDF projection - by selecting H0 to
maximize the second term in (8) over H0 . But, this is the
expected value of the manifold entropy with expectation taken
over g(z). Under the assumptions of the theorem, the uniform
distribution on M(z; T ) maximizes (9) for any value of z,
thus globally maximizing (8).
The second case considers when X is not compact.
Theorem 4: Maximum Entropy PDF Projection - Unbounded X . Starting with the same assumptions as Theorem
1, we further assume that there exists a function f such that
f (z) = f (T (x)) = kxk

(11)

for some norm kxk valid in X . We further assume that for all
finite z ∈ Z, M(z; T ) is a compact set. Then, if the reference
distribution can be written in the form
p(x|H0 ) = h(T (x))

(12)

1 Just because X is compact does not automatically imply M(z; T ) is
compact even though M(z; T ) ∈ X .
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for some function h, then the projected PDF (4) is the member
of {P : T, g} with highest entropy.
The proof is provided in [4], but we provide an outline.
Clearly (12) must be constant on the manifold (6) since
T (x) is fixed. Therefore, the manifold distribution (7) is the
uniform distribution. Also, by (11), since z is fixed, kxk is
constrained to a constant on the manifold, so the manifold
itself must be bounded. Since the manifold is bounded, the
further assumption that the manifold is a compact set is
not very restrictive. The uniform distribution is the MaxEnt
distribution on the compact manifold [11].
The most straight-forward way to achieve both (11) and (12)
simultaneously is to choose a scalar statistic t(x) that we call
energy statistic (ES). We assume that kxk can be computed
from t(x) and that t(x) can be computed from T (x). We can
then choose a reference distribution in the exponential family
p(x|H0 ) = C exp {−|t(x)/a|p } ,

p ≥ 1.

x∈M(z∗ ;T )

This family includes standard normal and exponential distributions.
Example 1: Let x have support in P N , defined as the
positive quadrant of RN , where xi > 0, ∀i. The statistic
t1 (x) =

N
X

xi

where we have dropped the dependence on H0 .
Notice that we have removed the dependence of µ on H0
because the reference distribution plays no role in the MaxEnt
sampling procedure - the manifold distribution is always
uniform and does not depend on H0 .
The second step, sampling from µ(x|z; T ), we call uniform
manifold sampling (UMS), is useful by itself, and is related
to feature inversion. Because the feature measures only a
low-dimensional aspect of the original x, the “inverted” x
samples may appear entirely unlike the original x that led
to z∗ . Therefore, in inverse problems, it is common to seek
a “smooth” or optimum member of the manifold with respect
to some “regularity” measure [12], [13]. UMS suggests a new
approach to the inversion problem for convex manifolds: find
the manifold centroid
!, Z
!
Z
∗
x̄z = E(x|z ) =
x dx
dx ,

(13)

i=1

x∈M(z∗ ;T )

(18)
which can be approximated by averaging independent samples
generated by UMS for a fixed z. As we will show, the centroid
has very desirable properties in two important examples.
E. Chain Rule

Many feature transformations can be decomposed into a
series of simpler transformations. What applies to the full
transformation can be applied to each individual stage. But,
N
interestingly, some transformations are only tractable when
Y
(14) viewed as chains, and so it is only practical to do MaxEnt
e−xi = e−t1 (x)
p(x|H0 ) =
i=1
PDF projection on the chain.
meets the conditions of Theorem 4.
Assume that the transformation z = T (x) can be broken
Example 2: Let x have support everywhere in RN . The into the parts y = Ty (x), w = Tw (y), and z = Tz (w). Then,
statistic
equation (4) takes on the chain-rule form:
N
X




2
xi
(15)
t2 (x) =
p(y|H0y )
p(w|H0w )
p(x|H0x )
g(z),
G(x)
=
i=1
p(y|H0x ) p(w|H0y )
p(z|H0w )
(19)
leads to the 2-norm on RN . Therefore, as long as t2 (x) can
where
H
,
H
,
H
are
reference
hypotheses
used
at
each
0x
0y
0w
be computed from z, then thepmanifold (6) will be inscribed
on the hyper-sphere of radius t2 (x). The Gaussian reference stage. To understand the importance of the chain-rule, consider
how we would compute p(z|H0 ; T ) for some canonical input
hypothesis
data reference hypothesis p(x|H0 ). At each stage, the distribuN
Y
1 −x2i /2
−N/2 −t2 (x)/2
√ e
p(x|H0 ) =
= (2π)
e
, (16) tion of the output feature becomes more and more intractable.
Thus, at the end of a long signal processing chain, we may
2π
i=1
be unable to derive p(z|H0 ; T ). Estimating p(z|H0 ; T ) is
meets the conditions of Theorem 4.
futile, because generally a canonical reference hypotheses, as
required for MaxEnt PDF projection is completely unrealistic
D. Uniform Manifold Sampling (UMS) and Manifold Cenas PDF for real data, and vice-versa. Furthermore, p(z|H0 ; T )
troid.
is more often than not evaluated in the far tails of the
The central idea of this paper follows by applying corrolary distribution. On the other hand, using the chain-rule, we can
1 to Theorems 3 or 4, which results in the following corrolary. “re-start” the process by assuming a suitable canonical form
Corrolary 2: (Sampling the MaxEnt projected PDF). To for H at the start of each stage. As long as each stage0
draw samples from G∗ (x; T, g), the MaxEnt member of {P : dependent reference hypothesis meets the requirements for
∗
T, g}, we first draw a sample z from g(z), then draw a sample MaxEnt PDF projection for each stage by itself, then the chain
x uniformly distributed on the manifold (6). To reflect this, the as a whole will indeed produce the desired MaxEnt projected
manifold distribution (7) simplifies to
PDF [4]. This is most easily accomplished by including the
1
∗
∗
µ(x|z ; T ) = R
, x ∈ M(z ; T ), 0 otherwise, appropriate energy statistic in the feature so that (11) and
dx
(12) can be satisfied, using canonical Gaussian, exponential,
x∈M(z∗ ;T )
(17) or uniform reference distributions.
leads to the 1-norm on P N . Therefore, as long as t1 (x) can
be computed from z, then the exponential reference hypothesis
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To perform MaxEnt sampling from the chain (19), we first
draw a sample z∗ from g(z). We then draw a sample w∗ by
UMS from the manifold {w : Tz (w) = z∗ }, then draw a
sample y∗ by UMS from the manifold {y : Tw (y) = w∗ },
then draw a sample x∗ by UMS from the manifold {x :
Ty (x) = y∗ }.
F. Remainder of the paper
Above, we have provided our main theoretical results. The
rest of the paper is devoted to examining commonly-used
feature transformations and describing how to draw samples
from G∗ (x; T, g). It is important to note that the simple
examples provided below can be combined into chains (as per
Section II-E) to analyze sophisticated feature transformations.
We also will spend considerable time discussing the manifold
centroid, which we alluded to in Section II-D. Not only does
the centroid produce an interesting feature inversion approach,
which has potential wide applications, but it is instrumental in
speeding up the sampling itself.
III. UMS FOR S IMPLE FEATURE TRANSFORMATIONS
A. Magnitude Squared DFT bins
A non-linear feature transformation extensively used in
signal processing is the DFT, followed by magnitude-squared
of the bins. Let x ∈ RN , where N is even. Let
zk =

N
X

2

xi e

−j2π(k−1)(i−1)/N

i=1

,

1 ≤ k ≤ N/2 + 1.

The computing of the projected PDF for this transformation
was discussed previously (see [4], Section IV.A). The ES is
PN/2+1
the weighted total power t2 (x) =
zk wk , where
k=1
wk = 1/N for k = 1, N/2 + 1, and wk = 2/N otherwise.
By Parseval’s
this computes the total input energy,
PN theorem,
2
tp
2 (x) =
i=1 xi , and therefore leads to the 2-norm kxk2 =
t2 (x), satisfying (11). We can meet (12) with the Gaussian
(16). Given a fixed feature z∗ , we generate samples of x on the
manifold (6). We can treat each DFT bin independently. Note
that x and the DFT output Xk , 1 ≤ k ≤ N/2+1 are related by
a linear transformation which preserves uniform distributions
2
. Thus, we may first generate the DFT output with UMS,
then inverse transform to get x. UMS for the real-valued DFT
bins
p 1 and
pN/2 + 1 is accomplished by selecting Xk from
{ zk∗ ,p
− zk∗ } with equal probability. For the remaining bins,
Xk = zk∗ ejθ , where θ is selected uniformly in [0, 2π]. To
compute x, we extend the DFT output to length N using the
conjugate of the complex bins, then take the inverse DFT.

analysis (PCA) and linear filtering of seismic recordings and
time-series and the final DCT stage in computation of MFCC.
This transformation has no ES, so needs to be augmented.
Without loss of generality, we use (15). The complete feature
is the union of zA with the ES, denoted by z = [zA , t2 ],
which is a non-linear function of x and leads to a non-convex
manifold.
2) UMS for Linear feature, unbounded x: Given a fixed
∗
feature
= [z∗A , t∗2 ],o the manifold is given by
n value z P
N
′
∗
2
∗
x : A x = zA ,
i=1 xi = t2 . If A is full rank, then by
orthogonal expansion, any x can be written
x = xA + Bu,

(20)

where B is the N × (N − D) ortho-normal matrix that spans
the linear subspace orthogonal to the columns of A, and
xA = A(A′ A)−1 z∗A .

(21)

To satisfy the second requirement, we need ||x||2 = ||xA ||2 +
||u||2 =pt∗2 . Thus, we need the vector u to have length
||u|| = t∗2 − ||xA ||2 . Thus, u lies on a hyper-sphere. The
multivariate standard Gaussian has a distribution that projects
evenly anywhere on the standard hyper-sphere. Thus, uniformly sampling a hyper-sphere is accomplished by drawing u
as n − D iid samples of zero-mean Gaussian random variable,
then normalizing u to have length equal to the hyper-sphere
radius. In summary, the sampling method is: (a) Draw N − D
samples of independent Gaussian samples ofpmean 0 and
ũ
variance 1, denoted by ũ, (b) Let u = kũk
t∗2 − ||xA ||2 ,
then (c) Compute x from (20).
3) Asymptotic (large N ) behavior: We generated random
samples on the manifold for a fixed z∗ and plotted the pair
(xl , xm ) for two indexes l, m on a plane. We used the feature
z = [t1 (x), t2 (x)], with A = [1, 1, . . . 1]′ , and D = 1.
Figure 2 shows a simulation for N = 3, 4, and 64. To compute
z∗ , we drew a sample x from a standard normal distribution,
computed t∗1 , t∗2 . Then, we generated random samples of x on
the manifold. On the left, we see random samples of x projected on the x1 , x2 plane. On the right, we see a histogram of
x2 . Interestingly, for a 2-dimensional manifold, N −D = 2, the
samples fall on an elliptical curve. With increasing manifold
dimension, the marginal distributions approach Gaussian, even
though the sampling is uniform on the manifold.

B. Linear Feature, unbounded x
1) Feature Transformation: Consider the linear feature
calculation zA = A′ x, where x ∈ RN , and A is any fullrank N × D matrix. Applications include principal component
2 Note that the complex DFT operation, when the real and imaginary
parts are concatenated, dimension-preserving, 1:1 and invertible real linear
transformation. Under such transformations, the uniformly-distributed unit hypercube becomes rotated in higher-dimensional space, but remains uniformly
distributed.

Fig. 2. Manifold sampling results for N = 3, N = 4, and N = 64. Top
row: random samples of x1 , x2 . Bottom row: histograms of x2 .
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C. Maximum Likelihood (ML) Parameter Estimation

B. UMS for Linear Feature, positive x

PDF projection can also be applied to iterative feature
transformations ([4], Section II.C). We now consider UMS to
generate samples uniformly on the manifold of data samples
which will have exactly a specified ML parameter estimate.
Consider the Gaussian parametric model x = Hθ a + v, where
Hθ is a N ×P matrix of basis functions, a is a P ×1 amplitude
vector, and v is an N × 1 vector of iid zero-mean Gaussian
RVs with variance σ 2 . Assume column i of Hθ depends nonlinearly on a parameter θi . Let θ = [θ1 . . . θP ]. This model
underlies many important estimation problems, such as the
estimation of sine-waves in noise [14].
The likelihood function is given by

For a fixed feature z∗ , UMS is implemented by drawing a
sample from the manifold {x : A′ x = z∗ , x ∈ P N }. We
can span the manifold by choosing u in (20). Samples may be
generated using rejection sampling by generating samples of
u uniformly in a sufficiently large hypercube, then rejecting
samples x that fall outside of P N , but this method suffers
from exponentially decreasing acceptance rate [15].
To visualize the distribution of x generated using UMS, we
conducted an experiment analogous to section III-B3. We used
a feature of dimension D = 2, with the first feature equal to
t1 (x), and generated random samples of x on the manifold
using rejection sampling. Figure 3 (top left) shows samples of
x1 , x2 showing the desired uniform distribution. Figure 3 (top
right) shows the histogram of x2 . For manifold dimensions

log p(x; θ, a, σ 2 ) = −

N
(x − Hθ a)′ (x − Hθ a)
log(2πσ 2 )−
.
2
2σ 2

The ML parameter estimates (MLE) θ̂, â, σ̂ 2 are such that the
derivative of log p(x; θ, a, σ 2 ) with respect to each parameter
is zero. The derivative constraint for θ leads to
x′ Hθθ a = a′ H′θ Hθθ a.

(22)

where Hθθ is the column-wise derivative of Hθ with respect to
θi . Note that in these problems, θ̂ can be found independently
−1
of â, σˆ2 by maximizing x′ Hθ (H′θ Hθ ) H′θ x. Once θ̂ is
found, we have

−1
H′θ̂ x,
(23)
â = H′θ̂ Hθ̂

then,

1
(x − Hθ̂ â)′ (x − Hθ̂ â).
(24)
N
Now, given fixed MLE values of θ̂, â, σˆ2 , the above equations

Fig. 3. Manifold sampling results for N = 4, N = 6, and N = 10
(manifold dimension 2,4,8, respectively). Top row: random samples of x1 ,
x2 . Bottom row: marginal distribution of x2 .

σ̂ 2 =

can be used to define the manifold of x that lead to the given
MLE. Define the statistics z0 = x′ x,
z1 = H′θ x, and
′ θ′
z2 = â Hθ x. We can use (23), (24), and (22) to compute
z0 , z1 , z2 from θ̂, â, σˆ2 . The equations defining z0 , z1 , z2 lead
to a set of constraints on x that can be written A′ x = [z1 , z2 ],
and x′ x = z0 , conforming to the problem of Section III-B.
If we draw samples on the manifold, every sample will meet
the derivative constraint for θ as well as produce the same
amplitude and variance estimates, so will be samples that
produce the given ML solution.
IV. L INEAR FEATURE , POSITIVE x
We now study UMS for linear dimension-reducing transforms of positive data, with no upper bound in amplitude,
thus x ∈ P N . Applications include linear transformations of
intensity or spectra.
A. Feature transformation
We consider again the linear feature calculation
z = A′ x,

(25)

where A is any full-rank N × D matrix. The ES (13) can
−1
be integrated into z if we assume that 1 = A (A′ A) A′ 1,
′
where 1 = [1, 1, 1, . . . 1] .

above 2, the manifold distribution does not look uniform
when projected onto a 2D plane even though it is uniform in
the higher dimensions. With increasing manifold dimension,
the marginal distribution looks increasingly exponential. This
effect is analogous to Figure 2, which tended to Gaussian. It
is interesting that the marginal distributions, despite using a
uniform distribution on the manifold, tend to canonical distributions, which are known to be maximum entropy distributions
under the moment constraints corresponding to the respective
energy statistics [16], [11].
C. MCMC-UMS
1) Hit-and-Run: To make UMS practical at high dimensions, we turn to a form of MCMC called Hit-and-Run (H&R)
for uniformly sampling on a compact convex set [17], [18],
[19], [15].
2) Algorithm description: In MCMC-UMS, we first find
one valid sample on the manifold, then move along a 1dimensional line in the linear subspace spanned by the
columns of matrix B which is defined in (20). Since the
manifold set is convex, all points on the line in a compact
interval are valid and the interval endpoints can be easily
solved for. A new sample is chosen by uniformly sampling on
the interval. The process repeats by choosing a new direction,
and repeating. This is considered to be the most efficient way
to obtain an asymptotic uniformly-sampled point in a convex
set [17]. We consider two ways of choosing directions:
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Here is a summary of the MCMC-UMS algorithm.
1) As a starting point, we will need a vector u that is valid,
i.e. produces an x that lies in M(z∗ ; T ) and P N . Let
x0 be a starting point, then u0 = B′ x0 , which maps
back to x0 using (20).
2) For systematic method, we let b be a column of matrix
B. Each iteration, we choose the next column, in order,
returning back to the first column after N −D iterations.
In the random directions method, we choose b to be a
random direction within the column space of B by generating an N − D-dimensional vector h of independent
standard normal variates, normalized so that khk = 1.
We then let b = Bh.
3) We then let x = x0 + γb, where γ lies in a compact
interval of the real line γ ∈ (γ L , γ H ), that includes
zero (to produce the current value x0 ). We find these
limits as follows. Define the vector c = [c1 , c2 , . . . cN ]
calculated from b as ci = bi /x0i , ∀i. Then, γ L is -1
times the reciprocal of the largest positive value of c,
and γ H is -1 times the reciprocal of the most negative
value of c.
4) We select γ by drawing a uniform random variable in
(γ L , γ H ).
5) We then set x0 = x, and repeat (go to step 2).
The number of iterations required before the initial conditions
are “forgotten” is problem-dependent.
3) Starting point: To start MCMC-UMS, we need a valid
x that is a solution to A′ x = z∗ , x ∈ P N . A good starting
point can be obtained from any linear-programming solver
PN by
finding the solution to the maximization 3 of q =
i=1 xi
subject to A′ x = z∗ . Any linear programming (LP) algorithm
such as OCTAVE glpk.m or MATLAB linprog.m can
output a “solution” which is a valid point. However, better
than a starting point from a linear programming solver is the
manifold centroid described later in Section IV-D.
4) Illustration: To illustrate the method, we choose N = 5,
and D = 3 so that N − D = 2 so that the data will always
appear uniformly distributed when projected on a plane. Figure
4 shows the data as seen from the x2 , x5 plane after 4 and 20
iterations of the systematic method. The five facets of the valid
region are caused by the manifold reaching the positivity limit
of each of the five dimensions. Non-uniformity can be clearly
seen for 4, but not for 20 iterations. Later, we will discuss the
difference between the systematic and the random-directions
algorithm. But first, we must solve for the centroid.

2 Iterations

10 Iterations
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0.015

x
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0.025
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0.025

x

1) Random-directions (normal H&R) in which a new random direction is chosen each time. We choose the new
direction by drawing a vector of independent Gaussians,
and normalizing it to have norm 1.
2) Systematic (variation of H&R), by changing each element of u one at a time, a method can be seen as slice
sampling in multiple dimensions with uniform target
distribution [20].
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Fig. 4. Visual uniformity test for N = 5, D = 3. The 2-D manifold as
seen from the two dimensions x2 , x5 after 4 iteration (left) and 20 iterations
(right).

D. Centroid
For convex manifolds, the manifold centroid x̄z is the center
of mass in Figure 4 and is on the manifold. It is also the conditional mean E(x|z∗ ), and is an optimal point with respect to
a deterministic entropy measure. It has applications in feature
inversion, image reconstruction and spectral estimation.
The centroid can be approximated by the sample mean
of samples generated using UMS, or much more efficiently
using the “surrogate density” approach, which we now explain.
Let ps (x), be a PDF with support on X (not limited to the
manifold), but sharing four properties with µ(x|z∗ ; T ): (a) its
mean λ lies on the manifold, so
A′ λ = z ∗ ,

such that x̄i > 0, for all i,

(26)

(b) it has constant density along the manifold (meaning that the
gradient in a direction aligned with the manifold is zero), (c) it
has maximum possible entropy under the constraint (26). However, instead of having all its probability mass on the manifold,
it has support in all of X with its probability mass concentrated
near the manifold. This idea is illustrated in Figure 5. The
property that the samples congregate near the manifold for
N large can be justified by the law of large numbers (See
Section VIII-A). As a result, the surrogate density converges
effectively to the manifold distribution. Therefore, the mean λ
of the surrogate density is a very good approximation to the
manifold centroid x̄z at high dimensions. The property that
the surrogate distribution is uniform along the manifold can
be seen once we select the surrogate density and maximize
its entropy. It is known that the exponential density has the
highest entropy among all densities for positive-valued x with
specified mean λ [11].


N
Y
1
xi
p(x; λ) =
exp −
.
(27)
λ
λi
i=1 i

We therefore propose to use (27) as the surrogate density for
µ(x|z∗ ; T ), by maximizing the entropy of (27) over λ, subject
to A′ λ = z∗ . The entropy of (27) is
Qp =

N
X
(1 + log λi ),

(28)

i=1

3 It makes no difference if we are maximizing or minimizing since q is
fixed anyway by the linear constraints.

where “p” indicates positive data case. If we use (20) to write
λ in terms of u, we can maximize Qp over u. The solution
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for some D × 1 vector v. Therefore, to find the mean of the
surrogate density, we solve for the free variable v such that
MANIFOLD

A

x : A x= z

A′ λ(Av) = z∗ ,

(33)

λ(α) = [1/α1 , 1/α2 , . . . 1/αN ]′ .

(34)

where
d( x)

We can solve this by driving the square error to zero:
ρ(v) = (A′ λ(Av) − z)′ (A′ λ(Av) − z).

xB
xA
x

Fig. 5. Illustration of surrogate density. An arbitrary sample x is decomposed
into a component xA in the column space of A and the orthogonal component
xB . At high dimension, samples congregate near the manifold where A′ x =
z and are equally distributed along the manifold.

must meet the requirement that the derivatives of the entropy
with respect to uk are zero, or
Qup k =

N
X
Bik
= 0,
λi
i=1

1 ≤ k ≤ m.

(29)

This condition forces the distribution to be constant on the
manifold. To see this, first, let x be decomposed as (See
Figure 5), x = xA + Bu, where matrix B spans the subspace
orthogonal to matrix A. Note that changes to vector u will
move x within the manifold, but not change its projection onto
the columns of A, so x remains on the manifold. Therefore,
a distribution is constant on the manifold if and only if its
derivative w/r to u is zero. It is easily shownPthat the derivative
N B
, making
of log p(x; λ) with respect to uk equals − i=1 λi,k
i
(29) equivalent to requiring p(x; λ) to be constant on the
manifold. Now we see that the surrogate density not only has
mean value on the manifold, has probability mass congregating
near the manifold, and in addition is constant on the manifold.
Therefore, we must also expect that it has asymptotically the
same mean as the manifold distribution (17).
Incidentally, note that maximizing (28) also maximizes
spectral entropy measure
Qs (x) =

N
X

log xi ,

where Λ(α) is the diagonal matrix with diagonal elements
Λi = −1/αi2 .

(37)

We have found that if we use the negative-definite Hessian
approximation
 2 
∂ ρ
≃ −2 (A′ Λ(α)A) (A′ Λ(α)A) ,
(38)
∂vk ∂vl
the resulting Newton-Raphson algorithm has excellent convergence properties when starting with α = [1, 1, . . . 1]′ . Let
λ̂(z∗ ) be the value of λ at the solution to (33). The algorithm
to find λ̂(z∗ ) can be summarized as follows.
1) Set iteration counter n = 0.
−1
2) To initialize, let v0 = (A′ A) A′ 1, where 1 is the
vector of ones.
3) αn = Avn . Initially, α will be the vector of ones.
4) λn (αn ) = [1/α1 , 1/α2 , . . . 1/αN ]′ .
5) Compute derivative and Hessian according to (36),(37)
and (38), then update v:
vn+1 = vn +



∂2ρ
∂uk ∂ul

−1 


∂ρ
.
∂uk

6) Increment n and go to step 3.
Although this method corresponds to classical methods, it is
based on a novel sampling argument and can be extend to
other manifolds as we will see.

E. Example: AR/ACF Spectrum

which underlies classical MaxEnt spectral estimation [21], [22]
and MaxEnt image reconstruction [23], [24]. Thus, we expect
to obtain the same result as classical methods.
Note that (29) is the same as the condition that the vector
(31)

is contained in the column space of A. Therefore, we can
replace (29) with the alternative condition
α = Av,

We can easily find derivative of ρ(v) with respect to v :


∂ρ
= 2(A′ λ(Av) − z)′ A′ ΛA,
(36)
∂vk

(30)

i=1

α = [1/λ1 , 1/λ2 . . . 1/λN ]′

(35)

(32)

We now use UMS to create random spectra that have a fixed
auto-correlation function (ACF) up to a lag of 2, corresponding
to an auto-regressive (AR) process of order P = 2 [25].
1) Feature Transformation: Let x be the N × 1 vector of
magnitude-squared bins of the DFT of Nt real time-series
samples, where N = Nt /2 + 1. The ACF can be computed by
the inverse DFT using z = A′ x, where matrix A is described
in ([4], Section V.B). The ES is the zero-th ACF lag, which
is a weighted sum of the elements of x, with corresponding
reference hypothesis ([4], equation 28).
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Fig. 6.
Light jagged line: raw input spectrum x. Dark jagged dashed
line: Typical MCMC-UMS sample. Circles: sample mean of MCMC-UMS.
Triangles: traditional AR spectrum. Smooth dark solid line that runs through
circles and triangles: MaxEnt solution λ̂(z∗ ) .

F. Accuracy of Estimated Centroid and Mixing Rate
While Figure 6 suggests that λ̂(z∗ ) ≃ x̄z , it is prudent
to quantify the accuracy. We can visualize the convergence of
4 Each full iteration is N − D = 62 simple iterations, updating each of the
free manifold dimensions.
5 Except the AR spectrum because it only approximately meets the constraint. The ACF of the AR spectral estimate matches the ACF of the original
spectrum [25], but this is a large-N asymptotic property that does not hold
when the ACF is computed using a finite-length data segment

0

10

−1

10

Mean square fractional error

2) Experimental approach: To generate a realistic input
sample x, we generated simulated time-series data of length
Nt = 128 from an AR process of order P = 2 with a peaked
spectrum. We then computed the magnitude-squared bins of
the DFT, keeping the N = 65 unique bins as our “raw data” x.
Multiplying by the 65 × 3 matrix A computed the first three
auto-correlation lags (0 through 2). With this feature fixed,
we applied MCMC-UMS (systematic approach) to generate
random spectra on the manifold. We compared the mean of
the MCMC-UMS generated samples with λ̂(z∗ ).
3) Results: Figure 6 shows five spectra: (a) input spectrum
x, (b) a typical MCMC-UMS sample, (c) traditional autoregressive (AR) spectrum obtained by Levinson algorithm, (d)
MaxEnt solution λ̂(z∗ ) solving (29), and (e) the sample mean
of 100000 full MCMC-UMS iterations4 . All of the spectra are
on the manifold M(z∗ ; T ) 5 . The important take-away from
Figure 6 is that λ̂(z∗ ) runs directly through the MCMC-UMS
sample mean values (circles), confirming that λ̂(z∗ ) is indeed
a good estimate of x̄z . The fact that λ̂(z∗ ) also appears to
be the same as the traditional AR spectrum (aside for a slight
deviation at the end bins), is not unexpected because it involves
the same optimization as for traditional MaxEnt spectral estimation, which is known to coincide with the auto-regressive
method [21], [22]. Despite the fact that λ̂(z∗ ) corresponds
to classical methods in this case, it is enlightening to see
a new geometric interpretation at the manifold centroid and
maximum entropy sampling interpretation. It also leaves open
the possibility of generalizing to different linear constraints
and different range for x.
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Fig. 7. Convergence of MCMC-UMS sample mean to MaxEnt solution for
four approaches: systematic (SYS), random directions (RAN), with whitening
(-W). X-axis: number of full iterations.

the sample mean to the centroid estimate, by plotting the error
metric
 2
N 
1 X
x̄i
ǫ=
log
,
(39)
N i=1
λ̂i
where x̄i is the sample mean of xi and λi is corresponding
element of λ̂(z∗ ). In Figure 7, we plot mean square fractional
error ǫ as a function of full iterations6 for the systematic and
random directions approaches. The graph also shows the result
with whitening, which will be described later.
The more correlated the samples in consecutive iterations
are, the longer it takes for the sample mean to converge. The
mixing rate for MCMC is generally measured by effective
sample size (ESS), which is the number of independent samples needed to obtain the equivalent estimation error [26]. We
can see the change in ESS in Figure 7 by drawing horizontal
lines. The error continues decreasing even after 100,000 full
iterations, an indication that the proposed MaxEnt solution is a
good approximation to the asymptotic mean of MCMC-UMS.
Figure 7 surprisingly indicates that the random directions
method is much slower. To investigate this, we tried the
systematic approach after randomizing the orthogonal basis
matrix B, by post-multiplying it by an orthogonalized random
matrix of dimension (N − D) × (N − D). Surprisingly, the
mixing rate then matched that of random directions. It appears,
then, that the advantage of the systematic method comes not
from the systematic way that the basis functions are used,
but has to do with the fact that the basis functions, as they
are calculated by SVD or QR decomposition of matrix A, are
optimally aligned. Computing B from A using either SVD and
QR had the same effect. So, the same orthogonal subspace is
spanned by the randomized matrix B but has much slower
mixing. To understand this effect, suppose we start at one end
of a long, thin convex region. Moving in random directions, it
is likely to take a long time to cover the whole region. But, if
one of the systematic directions are aligned with the main axis,
6 A full iteration is a set of N − D regular iterations, which completes the
update of all free dimensions in the systematic approach
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we can quickly cover the region. Why this optimal alignment
happens and whether it is problem-specific is not clear.
G. Whitened MCMC-UMS
Since we have verified that λ̂(z∗ ) ≃ x̄z , we can now
estimate the centroid (mean of samples drawn using MCMCUMS) and can “whiten” the problem. Let x̃ be the “whitened”
raw input spectrum, x̃i = xi /λ̂i , 1 ≤ i ≤ N, and Ã the
compensated matrix Ãi,j = Ai,j λ̂i , ∀i, ∀j, which obtains
the same feature z = A′ x = Ã′ x̃. The new linear constraint
“manifold” is:
(40)
x̃ : Ã′ x̃ = z∗ .

method used in human speech analysis [27], [28]. If we
disregard the final stages of logarithm and discrete cosine
transform (DCT), the MFCC features differ from ACF features
only in the matrix A. For MFCC, the columns of A are the
MEL band functions, which are shown for Nc = 24 bands in
Figure 9 for Nt = 768 and N = 385. Note that in Figure 9,
the sum of the MEL band functions (line on top) is a constant,
which shows that the requirement to contain an energy statistic
is met.
2

1.5

1

0.5

0

The vector of ones, denoted by 1, can be used as a valid
starting vector since Ã′ 1 = Ã′ λ̂(z∗ ) = z∗ . MCMC-UMS
will produce vectors with mean 1 and meet (40). These vectors
can then be transformed using xi = x̃i λ̂i , ∀i, to solve the
original problem because they are in M(z∗ ; T ) and uniformly
distributed 7 . The result of whitening can be seen in Figure 7
and the result is dramatic. The change in ESS (seen by drawing
a horizontal line) and is more than an order of magnitude for
both systematic and random directions.
H. Dimension effects
To see the effect of dimension on the accuracy of λ̂(z∗ ) in
predicting the centroid, we repeated the experiment of Figure
7 for various manifold dimensions N −D. In Figure 8, we see
the value of ǫ after 20,000 full iterations, averaged over three
trials (systematic approach with whitening). at each dimension.
Even for manifold dimension 3, there is good accuracy: ǫ =
.003 means that the fractional error has a standard deviation
of .055 or 5.5% error. At dimension 125, ǫ is about .00009, a
fractional error standard deviation of 1%.
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Fig. 8. Mean square fractional error as a function of dimension estimated
using 20,000 iterations.

I. MFCC
In section IV-E3, we showed empirically that for ACF
constraints, λ̂(z∗ ) is related to the Burg maximum entropy
spectral estimation. We now ask if the method can be extended
to other linear constraints (other than ACF) and if this also
results in good spectral estimators. The MEL frequency cepstral coefficients (MFCC) is the predominant feature extraction
7 The

linear whitening operation preserves the uniform distribution.
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Fig. 9. MEL band functions for N = 768. There are 24 bands including
the zero and Nyquist bands. Their sum, the flat line on top, is a constant.

In Figure 10, we see results of MCMC-UMS, similar to
Figure 6. We calculated the MFCC features z∗ from 768
samples of human speech at 12kHz sample rate. With the
feature value fixed, we used MCMC-UMS to produce random
spectra. We overlaid the initial LP solution, the MaxEnt
solution λ̂(z∗ ), and the average of 10000 full MCMC-UMS
iterations ontop of one random MCMC-UMS sample. Again,
we conclude that λ̂(z∗ ) precisely estimates the centroid. Note
that λ̂(z∗ ) is a very smooth spectral estimate that is visually
very satisfactory. Our proposed method may be preferred to
open-ended MFCC synthesis methods [29] since the resulting
spectrum is feature-reproducing and has optimal smoothness
since it satisfies the maximum entropy rule, which is the same
as maximizing the spectral flatness [23], [25].
J. Complete Chains
Based on the information presented in the previous paper
[4] and what we presented here, we have provided a means to
create complete generative models from the signal processing
chains for the calculation of both AR and MFCC coefficients.
Combined with a kernel-based PDF estimation of the features,
either single or as a sequence using hidden Markov model
(HMM), we can compute likelihood function values and
produce unlimited samples.
For an AR-based generative model, the PDF projection
was described in ([4], Section V.B). Sampling requires
DFT/magnitude-squared (Section III-A), and ACF calculation (Section IV-E). For better-behaved features that lend
themselves to modeling by kernel-based PDF estimators, we
suggest additional 1:1 transformations converting to reflection
coefficients ([30], Section VI.D.3), and finally log area ratio
coefficients ([30], Section VI.D.4).
For MFCC, PDF projection was described in ([4], Section V.A). Sampling requires DFT/magnitude-squared (Section
III-A), MEL band energy binning (Section IV-I), log transformation ([30], Section VI.A), and finally DCT with truncation
of output coefficient set (an application of Section III-B).
V. L INEAR FEATURE , DOUBLY- BOUNDED x
We now treat UMS for linear transforms of data bounded
in amplitude above and below (doubly-bounded) by adapting

11

TED is the maximum entropy distribution under mean (first
moment) constraints ([31], page 186). Let’s take a closer
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Fig. 10. Light jagged line: One sample spectrum from MCMC-UMS. Line
with dots: LP solution, Circles: λ̂(z∗ ), Curve through circles: average of
10000 MCMC-UMS samples.

the methods of Section IV, which were shown to maximize
the classical spectral entropy (30). The solution to the doublybounded problem has no classical equivalent and results in
a novel entropy measure. With no loss of generality, data is
assumed to be in the range x ∈ {x : 0 < xi < 1, ∀i} and the
feature transformation is given by (25). Applications include
PCA and linear transforms of doubly-bounded data including
optical character recognition (OCR), and neural networks.
A. MCMC-UMS for doubly-bounded x
Because the input space is doubly-bounded in all dimensions, it is compact. No energy statistic is needed (See
Theorem 3). So, it is not necessary to insure that the 1-norm
can be computed from z, although including it may improve
sampling and reconstruction of x. The sampling procedure is
very similar to the previous example, section IV. Generating
data by MCMC-UMS is affected by the double bound on
the input data and the H&R procedure detailed in Section
IV-C2 is easily adapted. We calculate the bounds γ L , γ H
the same as before, which are related to the lower bound
on the input data. We also calculate two additional bounds
γ̃ L , γ̃ H , related to the upper bound on the input data. We
define the vector d = [d1 , d2 , . . . dN ] calculated from b as
di = bi /(1 − x0i ), 1 ≤ i ≤ N. Then, γ̃ L is equal to the
reciprocal of the most negative value of d, and γ̃ H is the
reciprocal of the largest positive value of d. Then, the lower
bound on ui is the largest of γ L and γ̃ L , and the upper bound
on ui is the smallest of γ H and γ̃ H .
B. Centroid
We now apply the method of Section IV-D to solve for
the centroid in the doubly-bounded case by finding a suitable
surrogate density. Recall that in Figures 2, and 3, when
N becomes large, the marginal distributions of UMS samples approach the shape of the maximum entropy densities
under the applicable constraints (Gaussian and exponential,
respectively), which are the suitable surrogate densities. Figure
11 shows the marginal distribution of an element of the
doubly-bounded input data for UMS samples which appears
to be a truncated exponential distribution (TED) with positive
exponent. In fact, for data bounded to the interval [0, 1], the
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Fig. 11. From top: manifold sampling results using MCMC-UMS N = 32,
plotting x1 , x2 . Right, histogram of x2 .

look at this distribution. For data x in the interval [0, 1] and
exponent parameter α (which can be positive or negative),
the uni-variate truncated exponential distribution

 (TED) is
p(x; α) = C(α) eαx , where C(α) = eαα−1 . The mean
of this density is given by
Z 1
eα
1
x p(x; α) dx = α
−
(41)
λ(α) =
e
−
1
α
0
and the entropy is given by

Qdb (α) = − log



α
α
e −1



− αλ(α),

(42)

where “db” indicates the doubly-bounded case. The multivariate TED is
log p(x) =

N
X

log C(αi ) + αi xi .

(43)

i=1

The entropy of the multivariate density of N independent
truncated exponentials is therefore, for input data constrained
to the unit interval [0, 1] is



N 
X
αi
(44)
− αi λi ,
− log
Qdb (α) =
e αi − 1
i=1

where λi is computed from αi using (41).

C. Solving for asymptotic mean of MCMC-UMS
Following the method of section IV-D, we propose to use
(43) as the surrogate density. More precisely, we propose
to maximize the entropy (44) over λ subject to A′ λ = z.
Unfortunately, the entropy is written in terms of both α and
λ. But, it can be shown that for a given λ, there is a unique
α [32]. This is true in one or more dimensions. Therefore,
α and λ are alternative parameterizations for the multivariate
truncated exponential distribution.
In the same manner as in Sections III-B and IV, we
use u as the free variable under the constraint (26). So,
to maximize (44), we need the derivatives of (44) with
respect to the elements of u. Using the derivative chainrule, we can write the first derivative
−1 of (44) with respect
PN
αk dλk
ui
∂λk
to ui Qdb =
k=1 Qdb
dαk
∂ui , where, from (44)
αk

e
1
k
Qα
db = − αk +αk (eαk −1)2 . From (41) ,

dλk
dαk

=

1
α2k

αk

− (eαek −1)2 .
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dλk
dui

1.5

= Bk,i . After (a lot of) cancellations, we

Qudbi

=−

N
X

1

αk Bk,i ,

(45)

k=1

0.5
0

resulting in the condition for maximization of entropy:
N
X

Value

And, from (20),
get

−0.5
0

αk Bk,i = 0,

k=1

∀i.

20

But, note that (46) is equivalent to the statement that the vector
α is in the column space of A, or that there exists a free
variable v such that α = Av. As an aside, note that condition
(46) also assures that (43) will have zero derivative along the
manifold, which is one of the assumptions of the surrogate
density.
The method to find the centroid is to find the vector v such
that
A′ λ(Av) = z∗ ,

40

60

80

100

120

140

Sample

(46)

Fig. 12. The centroid estimate λ̂(z∗ ) (circles) overlay the sample mean
(dark line). One random MCMC-UMS sample is shown (light jagged line).
The pseudo-inverse xA (dashed curve) is seen to have values outside (0, 1).

(47)

where λ(α) is equation (41) applied element-wise. This is
essentially the same as for the positive-x case (33) , except
that the non-linear relationship between λ and α is different.
The algorithm of Section IV-D to find λ based on driving (35)
to zero can be used if v0 = 0 and the diagonal elements of
Λ in (36) are given by
Λi =

e αi
1
.
−
αi2
(eαi − 1)2

(48)

Let λ̂(z∗ ) be the value of λ at the solution to (47). The
modified algorithm to find λ̂(z∗ ) is:
1)
2)
3)
4)
5)

Set iteration counter n = 0.
To initialize, let v0 = 0.
αn = Avn . Initially, α will be the vector of zeros.
Compute λn from αn using (41) element-wise.
Compute derivative and Hessian according to (36) and
(38), and (48), then update v:
vn+1

∂2ρ
= vn +
∂uk ∂ul


−1 


∂ρ
.
∂uk

6) Increment n and go to step 3.

D. Simple Example
In this experiment, we used a data size of N = 128. The
matrix A in (25) computed the first D = 6 coefficients of
the length-N DCT of x. We created a data sample x using a
raised sine-wave plus Gaussian noise, clipped it to the interval
[0,1], then computed the feature z∗ . The original x was then
discarded. We then computed λ̂(z∗ ) using the method above.
Figure 12 shows the results. The sample-mean of MCMCUMS after 10000 samples matches λ̂(z∗ ) as close as could
be determined.

Fig. 13.
Top left: Original cameraman image. Top right: reconstructed
using 48 × 48 DCT coefficients. Bottom left: Maximum entropy image for
doubly-bounded data, for the given 48 × 48 DCT coefficients. Bottom Right:
Maximum entropy image for positive (singly-bounded) data, for the given
48 × 48 DCT coefficients - same as traditional MaxEnt method.

E. Image Example
1) Cameraman image: Let x be a n2 × 1 vector created
from a square n × n image. The matrix A is constructed
in order to produce the 2-dimensional DCT from the input
image x which is of dimension N = n2 . For the input
image, we used the “cameraman” image, down-sampled to
128×128, shown in Figure 13 (top left). For the 128×128
image, matrix A and the orthogonal complement matrix B
are huge, 16384×16384 taken together. Luckily, they do not
need to be explicitly constructed. Rather, products such as A′ x
or B′ x and the derivatives (29) may be computed using the 2D
DCT and the optimization (29) can be accomplished without
second derivatives.
Figure 13 (top right) shows the same image reproduced by
inverse DCT of the lower 48×48 DCT coefficients. This image
is the pseudo-inverse solution (21) and has negative values and
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values greater than 1, so is not a valid image.
Figure 13 (bottom left) shows the MaxEnt solution λ̂(z∗ ).
Like the image on the top right, it is feature reproducing, but
has values in (0, 1). Note the better image characteristics at
edges and lines.
For comparison purposes, we re-ran the maximization using
the positive assumption of section IV, obtaining the solution
to the maximization of (28) subject to (26), which is the
classical MaxEnt image reconstruction approach, and related
to a MaxEnt 2-D spectral estimate because the 2-D DCT of
the image can be considered the auto-correlation function. It is
the formulation used by a significant amount of the literature
in image reconstruction [23]. Figure 13 (bottom right) shows
the resulting image. Although still showing improvement in
sharpness over Figure 13 (top right), we see the effect of
having no upper bound on the pixel intensity and increased
Gibbs-effect. The result is less pleasing to the eye than Figure
13 (bottom left).
VI. S AMPLING A PPLICATION
In this section, we provide an example of the utility of
sampling in a typical classification experiment.
A. Data description
We used the USPS handwritten optical character recognition
(OCR) data set [33]. The data set includes 7291 training
samples and 2007 testing samples of the 10 hand-written
characters 0-9. Each sample is of dimension N = 256 (a 16×
16 image) with pixel values between 0 and 1.
To limit the required processing, we limited the experiment
to the three digits 3,8,9 (M = 3) and used only 100 randomlychosen training samples of each digit. There were 509 samples
in the testing set for the three characters. The remaining
training data (that was not chosen for training) was used as a
likelihood validation subset. The separate testing subset was
used to measure classification performance, and we averaged
the errors over ten random trials, each time selecting 100
randomly-chosen training samples of each class.
B. Benchmark Classifiers
To provide a performance benchmark, we used the following
classifiers:
1) A multi-layer perceptron (ML) neural network with one
hidden layer of seven nodes, which provided an average
of 19.2 errors (3.77%).
2) Support vector machine (SVM). We used the SVM Light
toolbox [34] to create M binary classifier functions that
discriminated between the given class and the remaining
classes. Optimum classification performance was observed with polynomial kernel, providing an average of
19.4 errors (3.81%).
3) Generative classifier using Gaussian mixture model
(GMM). Optimum performance was observed with 24
mixture components and diagonal covariance matrices.
We added a diagonal loading constant of 0.1σ̂ 2 to the
diagonal covariance elements where σ̂ 2 is the sample

variance for the given feature. GMM provided an average of 44.3 errors (8.70%).
4) Mixture of truncated exponential distribution (TED).
This is the same as the GMM approach, but the kernels
are given by (43). Because the region of support of the
TED distribution matches the data, we expect better
performance than the GMM. Optimum classification
performance was observed with 32 mixture components.
TED provided an average of 41.5 errors (8.15%).
5) ILF-GMM. To better match the data to the Gaussian
kernels of the GMM, we expanded the region of support
to the real line using a modified inverse logistic function
(ILF). Details of the ILF transformation are given in
Section VIII-B. Best performance was obtained with 12
mixture components and diagonal covariance matrices
with diagonal loading constant of 0.25 σ̂ 2 . ILF-GMM
provided an average of 29.7 errors (5.83%).
6) ILF-PCA-GMM. We performed PCA analysis after ILF
pre-processing, projecting the data onto the top D singular vectors, then used a GMM to model the PDF
of the features. PCA analysis was carried out using
training data from all classes. Best performance was
obtained at 3 mixture components and 48-dimensional
PCA space. ILF-PCA-GMM provided an average of
22.4 errors (4.40%).
Notice that the discriminative classifiers out-perform the generative ones. Nevertheless, the generative ones in the order
shown above: GMM, TED, ILF-GMM, ILF-PCA-GMM, provide decreasing error rate. We would like to see if we can
continue this trend, and possibly improve upon the discriminative classifiers if we use class-dependent PCA.

C. Proposed Classifier
Our classifier was created from class-dependent linear projection operators. Learning from previous work (See [35],
Section V.E), we created the generative model for a given class
using all the available feature transformations. Let there be M
data classes. For each class 1 ≤ m ≤ M , we gathered all the
training samples for class m into a N × n matrix X, removed
the mean (separately on each dimension), then performed PCA
by obtaining the top D − 1 eigenvectors of the matrix XX′ .
To this, we appended the vector of ones (which is orthogonal
to the eigenvectors as a result of mean removal). The result
was a N × D matrix Am .
Since the data is limited to the unit hypercube, the feature
transformations zm = Tm (x) belong to the doubly-bounded
case (Section V). Since we also wanted to experiment with the
unbounded case we mapped the pixel values to RN using the
ILF transformation described above, then applied the method
of Section III-B. Later, we corrected the likelihood values so
they were referenced to the original data. In the unbounded
case, the feature transformation has a second-order energy
statistic, so is of dimension D + 1.
Basing the classifier on a class-specific model mixture with
annealing factor (See [35], Section V.E), we used a non-linear
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mixture of projected PDFs
M
X

c(x|Hm ) =

10

wl,m G∗ (x; Tl , gl,m )1/α

l=1

!α

20

,

(49)
30

P
∗
where
l wl,m = 1 and G (x; Tl , gl,m ) is the maximum
entropy projected PDF using feature transformation Tl (x) and
feature prior gl,m (z), which is the estimated distribution of
Tl (x) under class assumption Hm , and approximated using
a GMM. The model weights wl,m were set to a nearly
flat distribution that slightly favored the design class, so
wl,m = (1+δ(l −m)β)/(β +M ), where β is a parameter (we
used β = 0.2). We conducted some experiments to determine
suitable values of D, β, α, and number of GMM components,
and whether to use unbounded or doubly-bounded assumption
for x. In Figure 14 (left) , we plot number of errors obtained on
the testing set (of 509 samples) averaged over the ten random
trials, as a function of annealing factor α for three cases we
tried. The case D = 31, β = 1.17, and 2 GMM components,
and unbounded assumption, produced the best results.
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Fig. 15. Left: Twenty-five examples of digit “9” sampled by UMS from
the proposal distribution pp (x|Hm ). Right: twenty-five samples produced by
rejection samping (See Section VI-F).
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Fig. 14. Left: Average error as a function of annealing factor α. Right:
Total log-likelihood (total of all classes) as a function of α with Cm (α, β)
correction applied (solid lines), and with Cm (α, β) = 1 (circles) for the three
data classes.

Fig. 16. Normalization constant Cm (α, β) as a function of α. 100 trials of
100 samples each are plotted along with the mean (dark line).

Note that the classification error decreases with increasing
α up to a point, reaching a minimum or flattening out. This
effect of an error minimum at a particular α has been noted in
various other data sets (See [35]). We would like to understand
this effect better by studying it from the point of view of PDF
estimation. But, to do this, we need to determine the constants
Cm (α, β) by MCI, so that c(x|Hm )/Cm (α, β) is a valid PDF,
as explained in Section I-C, second item.

fixed. Figure 16 shows the results for class “9” (left). In Figure
14 (right) we see the total log-likelihood on the likelihood
validation subset as a function of α for all three data classes,
with Cm (α, β) correction applied and with it not applied (i.e
just c(x|Hm )). Note that without Cm (α, β), it is not possible
to see the likelihood peak. The likelihood peak is in fact in
agreement with the error optimum at α = 30 in Figure 14
(left). This shows that the reason for the error minimum in
Figure 14 (left) is improved PDF estimation. This new type
of analysis opens the possibility of setting the parameters β, α
separately for each class, for example.

D. Sampling and Monte Carlo Integration (MCI)

E. Classifier Combination

As a proposal distribution pp (x|Hm ), we use (49) with
α = 1, β = 0, which simplifies to a linear mixture of projected
PDFs. This provides a proposal distribution that is compatible
with the integrand c(x|Hm ). To sample from pp (x|Hm ),
we just choose feature index l according to the uniform
distribution over [1, M ]. We then generate a sample of zl from
PDF gl,m (zl ), then finally generate x using UMS on feature
transformation Tl (x). The constant Cm (α, β) is approximated
PK c(x|Hm )
1
by Cm (α, β) ≃ K
i=1 pp (x|Hm ) . The summation is taken
over K samples from the proposal distribution pp (x|Hm ).
Figure 15 (left) shows 25 examples generated in this way
from the proposal distribution for digit “9”. We used 10,000
samples to estimate Cm (α, β) at various values of α with β

Our classifier attained roughly the same performance as the
best benchmark classifier. In an attempt to get the advantage of
both classifiers, we combined them. Let r(x|Hm ) be the output
value of the SVM for class assumption Hm . The combined
classifier is modeled after (2) and is written
h(x|Hm ) = c(x|Hm ) eaα[f (3·r(x|Hm ))−1] ,
where a is the combining factor, α is the annealing factor defined earlier, and f is the logistic function f (x) = 1/(1+e−x ).
The seemingly arbitrary processing f (3 · r(x|Hm )) approximates a posterior class probability p(Hm |x) . The combination
results are shown in Figure 17 (left). Average error for the
combining method had a minimum average error of 14.3
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(2.8%) at a combining factor of a = 0.7, significantly better
then the best benchmark classifier that obtained an average
error of 19.2 errors (3.77%).
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Fig. 17. Classification error (average of 10 trials) as a function of combining
factor a. Left: classification error. Right: log-likelihood.

To find the cause of this error minimum, we applied MCI
to estimate the normalization factor by determining the sample mean of the function h(x|Hm )/pp (x|Hm ), over samples
drawn from the proposal distribution pp (x|Hm ). In Figure 17
(right), we show the total likelihood value on the likelihood
validation subset as a function of a, with normalization factor
Cm (α, β) applied and not applied. A likelihood peak can only
be seen with normalization factor applied and its location is
consistent with the error minimum in Figure 17 (left). Our
classifier performed significantly better than the benchmark
classifiers, and the seemingly arbitrary operations that we
performed could be quantitatively explained in terms of the
PDF estimation.
F. Rejection Sampling
We can approximate drawing samples from the normalized
distribution h(x|Hm )/C using rejection sampling [5]. To do
this, we create a covering distribution by scaling the proposal
distribution by a constant c so that it is always larger than the
desired distribution h(x|Hm ) (we can ignore the scaling). This
can be approximated if we have enough samples of pp (x|Hm )
to be sure we have a sample near the peak of h(x|Hm ). Let
the covering distribution be c · pp (x|Hm ). We then draw a
sample x from pp (x|Hm ), then draw a uniform RV u in [0,
1]. If u < h(x|Hm )/(c · pp (x|Hm )), we accept the sample.
Figure 15 (right side) shows 25 samples of class “9” created
in this way. The acceptance rate was about 0.2%, which was
more than adequate. Note the improved appearance of these
samples compared with the proposal distribution (Left).
VII. C ONCLUSION
We have introduced the method of uniform manifold sampling (UMS) for drawing samples from from MaxEnt PDF
projection densities. We considered iterative, non-linear, and
linear transformations. For linear transformations, we examined the cases of unbounded, singly-bounded, and doublybounded input data. We described an efficient UMS implementation using MCMC for xi > 0 and for 0 ≤ xi ≤ 1, where
the inversion manifold is convex and the manifold centroid
(expected mean given the fixed feature value), proves to be
an interesting and useful quantity. We have demonstrated the

surrogate density method to compute the centroid estimate
for both singly and doubly-bounded data without sampling,
and used it to greatly speed up MCMC and as a generalized
MaxEnt feature inversion solution that we demonstrated for
MaxEnt spectral estimation and image reconstruction. We also
conducted a classification experiment in which we showed the
power of PDF projection and UMS to create valid generative
models from hybrid classifiers combining class-dependent
feature tansformations and auxiliary discriminative classifiers.
We also were able to use Monte Carlo integration to predict
the best parameters of the hybrid classifier, something that
could lead to new methods of classifier design.

VIII. A PPENDIX
A. Convergence of Surrogate Density to Manifold
In this appendix, we show the property that the probability
mass of the surrogate density does, in fact congregate at the
manifold at high dimension. As previously defined, we are
given an N × D full-rank matrix A, a fixed feature vector
z∗ ∈ RD , and the PDF ps (x) with mean λs ∈ RN meeting
the requirement A′ λs = z∗ . Let the manifold be defined by
{x : A′ x = z∗ }. As illustrated in Figure 5, we propose
decomposing any vector x into the component xA in the
column space of A and the orthogonal component xB . Note
that xA = A(A′ A)−1 A′ x = A(A′ A)−1 z. Since xA depends
only on z, it is clear that any vector x that lies on the manifold
is such that xA is fixed to the value x̄A = A(A′ A)−1 z∗ .
Also, as illustrated in Figure
5, let d(x) be the distance to
p
the manifold, d(x) p
= (xA − x̄A )′ (xA − x̄A ), which may
be written d(x) = (A′ x − z∗ )′ (A′ A)−1 (A′ x − z∗ ) Now
consider what happens if we increase the dimension of x by
stacking n independent samples drawn from PDF ps (x) one on
top of another so that it is dimension n·N , and stacking matrix
A in the same way, so that it is dimension n·N ×D. Let these
be denoted by xn and An , respectively. Additionally, we scale
An by the factor n1 so that the expected value of A′n xn is still
z∗ . This will also havepthe effect that (A′n An ) = (A′ A). We
may write dn (xn ) = (A′n xn − z∗ )′ (A′ A)−1 (A′n xn − z∗ )
All terms in the expression are constant except for the statistic
A′n xn , which can be seen as an average of an increasing
number of independent samples, but with known mean z∗ . By
the law of large numbers, dn (xn ) must go to zero as n → ∞.
B. Inverse Logistic Function
To remove the effects of quantization of the USPS data, we
first subtracted the value 2.42e-6 from all pixel values. Then,
we added .0001 u to each pixel below 0.5, and subtracted
.0001 u from each sample above 0.5, where u is a standard
exponential random variable of mean 1. Then, to expand the
region of support to the real line, we applied the following
transformation to each pixel value x: Let w = x(1 − a) + a/2,
where a = .00005. Next, let y = − log (1/w − 1) . The PDF
of generative models computed onQy was converted to a PDF
N
on x using the rule p(x) = p(y) i=1 |∂yi /∂xi |.
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